We describe a hierarchy of models for legged locomotion, emphasizing relationships among feedforward ͑preflexive͒ stability, maneuverability, and reflexive feedback. We focus on a hexapedal geometry representative of insect locomotion in the ground plane that includes a neural central pattern generator circuit, nonlinear muscles, and a representative proprioceptive sensory pathway. Although these components of the model are rather complex, neglect of leg mass yields a neuromechanical system with only three degrees of freedom, and numerical simulations coupled with a Poincaré map analysis shows that the feedforward dynamics is strongly stable, apart from one relatively slow mode and a neutral mode in body yaw angle. These modes moderate high frequency perturbations, producing slow heading changes that can be corrected by a stride-to-stride steering strategy. We show that the model's response to a lateral impulsive perturbation closely matches that of a cockroach subject to a similar impulse. We also describe preliminary studies of proprioceptive leg force feedback, showing how a reflexive pathway can reinforce the preflexive stability inherent in the system. © 2009 American Institute of Physics. ͓DOI: 10.1063/1.3141306͔
I. INTRODUCTION
Whether escaping predators, catching prey, or locating mates, animals are remarkably adept at moving in noisy, uncertain environments. Understanding the neuromuscular dynamics and reflexive control strategies by which they achieve this is in itself a fascinating challenge, but locomotion also offers a window into higher brain functions and provides motivation for robot builders. Indeed, engineers are striving to emulate the gaits of quadrupeds and hexapeds, since legs are remarkably nimble in negotiating rough terrain. See, e.g., Refs. 1-3.
While this special issue of CHAOS focuses on bipeds and quadrupeds ͑along with much of the biological literature on legged locomotion 4 ͒, here we consider insects. In doing so we illuminate a regime-rapid running near the ground-in which feet contact the substrate so briefly that reflexive neural feedback typically cannot modify muscle forces until the next stride. Experiments 5 suggest that feedforward Newtonian dynamics dominates each stance phase, and that in stereotypical "straight running" these animals rely largely upon preflexive stability mediated by mechanical reaction forces. 6 Unlike bipeds and quadrupeds, however, the multiple legs of insects make them stable against falling. [7] [8] [9] This may be fortunate, since dynamic time scales are much shorter for insects than for typical vertebrates and recovery via neural feedback within a stride is problematic. Moreover, fits of insect data to spring-loaded inverted pendulum ͑SLIP͒ models indicate instability even within the sagittal plane. 10 Observations on freely running cockroaches Blaberus discoidalis ͑e.g., Refs. 5, 7-9, and 11͒ have motivated a series of models of horizontal ͑ground plane͒ dynamics, starting with an adaptation of the sagittal-plane SLIP ͑Refs. 12-15͒ to form a bipedal lateral leg spring ͑LLS͒ model. 16, 17 This simple template 18 was subsequently extended to hexapedal morphologies with actuated legs coordinated by a central pattern generator ͑CPG͒. [19] [20] [21] [22] Such models have shown that clock-driven ͑CPG͒ actuation, coupled with piecewise-holonomic constraints due to changing footcontact patterns and appropriate body-limb morphology, can provide partial asymptotic stability, 23, 24 consistent with the preflexive stabilization hypothesis.
Insects are nonetheless richly endowed with proprioceptive and exteroceptive sensors, and we wish to understand how their neural reflex and control circuits interact with the feedforward dynamics. In this paper we consider feedback of leg forces to motoneurons, and we also investigate simple steering strategies that extend earlier studies 25, 26 to multiple, jointed legs. We ask if and how the former proprioceptive pathway enhances stability and recovery from unexpected perturbations and how the latter mechanism, exteroceptive in origin, can further assist in producing robust locomotive behavior. Numerous other proprioceptive sensors exist, including hair cells that relay joint angles and angular rates, and the present study should be seen merely as a first step in a larger program.
The paper is organized as follows. In Sec. II we review earlier work on the passive LLS model, the actuated hexapod, and the CPG, and we describe the integrated neuromechanical model. In Sec. III we describe and model a simplified proprioceptive pathway and review simple steering strategies. Parts of these sections summarize earlier studies to which the reader should refer for details, and some details are supplied in the Appendix. Section IV describes numerical experiments in which the model is subject to perturbations and the relative roles of preflexive and reflexive, neurally modulated feedback are assessed. The results are summarized and discussed in Sec. V. This paper has two main goals: to summarize key results from a 10-year program of modeling legged locomotion ͑and in so doing, to introduce a fascinating field of study to physical scientists and applied mathematicians͒ and to describe the successful integration of neural and biomechanical components into a unified model of a running animal. Extensive background information on neural, mechanical, and controltheoretic aspects of legged locomotion appears in Ref. 24 as well as in numerous works cited in the present paper.
II. FEEDFORWARD MODELS FOR HORIZONTAL PLANE DYNAMICS
To introduce our overall modeling strategy, we start by describing the simplest template: the LLS, introduced in Refs. 16, 25, and 27. We then briefly review the mechanically and muscle-actuated hexapedal models with jointed legs, developed in Refs. 21 and 22 , and the model for the CPG and motoneurons developed in Ref. 20 . The CPGmotoneuron circuit is then adapted to provide excitation for the muscle-driven hexaped. In all cases the insect is modeled as a rigid body, and leg mass ͑Ϸ5%-10% of total mass for cockroaches͒ is neglected: the models differ in the manner in which legs generate forces and moments and transmit them to the body.
A. The passive lateral leg spring model
Many insects, including cockroaches, employ a doubletripod gait over much of their speed range. 7, 8 In one step the front and rear left and the middle right legs support the body; in the next the front and rear right and the middle left legs take their place while the former tripod swings forward for the next step. ͓For cockroach morphology, see Fig. 2͑a͒ below.͔ We call these the left ͑L͒ and right ͑R͒ stance phases to emphasize that the behavior is that of a "virtual biped." The LLS model, shown in Fig. 1͑a͒ , is based on this stereotypical gait. Like the SLIP, it conserves energy, storing and releasing potential energy in the springy legs as it slows and speeds during each stance phase.
Two massless elastic legs pivot freely at a point P on the centerline of a rigid body of mass m and moment of inertia I a distance d from the center of mass ͑CoM͒ ͑d Ͼ 0 denotes toward the head͒. A L ͑R͒ stance phase is initiated at TD by placing the relaxed left leg, with length l 0 , at an angle +␤ ͑−␤͒ relative to the body axis and allowing the foot to pivot freely about the resulting TD position F, which remains fixed until the leg spring is again uncompressed, at which point lift-off ͑LO͒ occurs and R ͑L͒ stance begins ͑a 50% duty cycle͒. See Fig. 1͑a͒ and Ref. 16 for further details. The body's three degrees of freedom ͑planar translations and rotations͒ are conveniently described in stance by the CoM position ͑ , ͒ and body angle ͓they can also be written in Cartesian ground plane variables as in Eqs. ͑5͒ and ͑6͒ below͔. Figure 1͑b͒ shows the coordinates for L stance, in which increases counterclockwise; in R stance increases clockwise, but is taken increasing counterclockwise throughout. Prefacing by ͑−1͒ n , where L and R, respectively, correspond to n even and odd, the Euler-Lagrange equations of motion form a hybrid dynamical system 29 that switches between L and R phases at LO/TD events, signaled by = l 0 with Ͼ 0:
Here the function
describes the potential energy stored in the passive linear leg springs. 16, 17 In addition to conserving energy, total angular momentum L F = m 2 + ͑−1͒ n I about the stance foot is also conserved, but the reduced two degree of freedom system cannot be integrated in closed form unless d = 0, in which ͑physically irrelevant͒ case body rotation decouples.
Branches of periodic gaits can be found by perturbing from d =0 ͑Ref. 27͒ or by numerical integration of Eqs. ͑1͒-͑3͒ from TD to TD. The simplest bilaterally symmetric gaits are fixed points of a Poincaré map P from L TD to next L TD, 30 described by the state variables ͑v n , ␦ n , n , n = n ͒, where v n denotes the CoM velocity magnitude and ␦ n its direction relative to the centerline, Fig. 1͑b͒ . Due to translation invariance, the CoM position is not explicitly needed to determine dynamics during each stance, but positions must be recorded to reconstruct the CoM path in the plane. Stability is assessed by approximating the linearized Poincaré map DP by numerical differencing, see Ref. 21 .
At low speeds the body cannot pass over the leg spring's potential energy barrier, but as speed increases a saddle-node bifurcation occurs, giving rise to two branches of gaits, one of which is stable, provided that P lies behind the CoM ͑d Ͻ 0͒. Each solution branch is parametrized by average forward speed and average body orientation, and hence heading. Two eigenvalues are unity due to rotation invariance and energy conservation, and on the stable branch the remaining two eigenvalues lie within the unit circle. Technically, this branch is partially asymptotically stable, 24 since angular and energy ͑speed͒ perturbations do not decay. For d Ͼ 0, all gaits are unstable to a mode in which body angle increases monotonically; in Sec. III B this property is used to achieve turning.
This proof of preflexive stability of LLS added theoretical weight to the conjecture of Ref. 6 and motivated experiments in which impulsive lateral perturbations were applied to running cockroaches, as described in Sec. IV below. The insects were observed to recover within one or two steps, and subsequent tests of the hexapedal models described next showed that they exhibited transient dynamics much like those of the perturbed insects.
While this simple model confirms that an energyconserving hybrid dynamical system ͑with piecewiseholonomic constraints due to feet fixed in stance͒ can exhibit a type of asymptotic stability, and the qualitative nature of its translation dynamics matches those observed in running insects, its yaw dynamics are both qualitatively and quantitatively deficient. 17 At the expense of substantially greater complexity, the hexapedal model successfully overcomes these problems, and it allows us to couple the mechanical and neural subsystems.
B. The muscle-actuated hexapedal model
When more realistic hexapedal leg geometries are employed, one must also include actuation because hind legs primarily extend during stance, a movement that cannot be achieved by a passive leg without releasing a preloaded spring, producing impulses uncharacteristic of running. Building on a model with axially actuated legs with passive springs in series, whose pivots also moved in a prescribed manner, 19 a jointed-leg geometry was introduced in Ref. 21 . This was actuated by torques at "hips" and "knees" due to springs having "equilibrium angles" that were prescribed as functions of time and chosen to produce individual foot forces characteristic of the insect by solving an inverse problem. ͑The insect's body-coxa joint, which primarily acts to raise and lower the body, and its tibia-tarsus joint, which is minimally actuated, are excluded.͒ Both models quantitatively match observed body dynamics quite closely, and, when parametrized appropriately, they possess branches of stable gaits over the cockroach's speed range. 19, 21 To integrate a CPG, motoneurons, and sensory feedback into such a mechanical system, one must add muscle actuation to the hexapedal jointed-leg geometry, as in the model of Ref. 22 shown in Fig. 2͑a͒ . Like those of Refs. 19 and 21 this model more realistically captures insect body and limb morphology but at the expense of considerable complexity. It employs Hill-type muscle models 31, 32 with nonlinear length and velocity dependence, and each extensor and flexor ͑agonist-antagonist͒ muscle pair is excited by stereotypical rectangular pulses representative of motoneuronal spikes via a fourth-order model for muscle activation due to calcium release. 33 Spike onset times and interspike intervals are selected to provide muscle forces and joint torques that approximate experimentally measured foot forces, as in Ref. 21 ; they are also generally consistent with observations, see Figs. 3͑a͒ and 3͑b͒. Since leg masses are neglected, the model retains the three degrees of freedom and shares the four-dimensional Poincaré map description of the LLS.
During each stance phase the body obeys deceptively simple Newtonian equations of motion. Written in inertial ͑î, ĵ͒ ground plane coordinates, these are
where F i = F ix î+ F iy ĵ denotes the reaction force at foot i and the vectors r fi identify the TD foot positions ͑fixed throughout that stance͒, and the sums are taken over i =1,2,3 for L tripod and i =4,5,6 for R tripod. The complexity lies in computing the foot forces F i , which derive from active muscles and passive, linear, joint stiffnesses and damping. These forces are obtained from joint torques via the nonlinear kinematic relationships inherent in the geometry of Fig. 2͑c͒ , so that, given the torques as functions of time, Eqs. ͑5͒ and ͑6͒ form a closed system, as described in the Appendix ͑Sec.
1͒.
The torques include both the passive elements and the moments due to muscle forces, which are given by Hill-type relations 31 of the form
where F 0 is an overall scaling factor and a͑t͒ is the activation function due to calcium release. 33, 35 The functions F L and F V that describe force dependence on muscle length and velocity ͑and, therefore, its dependence on joint angle͒ are fitted to measurements of B. discoidalis fast coxa extensor muscles Table I ͓see the Appendix ͑Sec. 1͔͒.
͑177c and 179͒ that actuate the insect's coxa-femur joint ͑the model's hip͒. 34, 36 See the Appendix ͑Sec. 2͒ and Ref. 22 for further details. The scale factors F 0 are adjusted for each muscle pair in the inverse fitting procedure ͑along with the input spikes͒ to approximate observed foot forces. Equations ͑5͒-͑7͒ therefore describe a strongly coupled, nonlinear, time-dependent, hybrid dynamical system. With appropriate parametrization, this model possesses a partially asymptotically stable branch of gaits with a single unit eigenvalue corresponding to body orientation. In contrast to the LLS, muscle actuation, which both supplies and removes energy, moves the second "energy conservation" eigenvalue of the linearized Poincaré map inside the unit circle. The remaining pair of eigenvalues is very small in magnitude, implying that, following a brief transient of approximately one step duration, the dynamics of recovery from perturbations is essentially two dimensional, evolving near a subspace spanned by the two larger eigenvalues. See Fig. 3͑c͒ . As in the models of Refs. 19 and 21 actuation enhances the preflexive partial asymptotic stability of the LLS, leaving only the body orientation ͑the heading direction͒ indeterminate.
C. The central pattern generator
The third component of the present model is the CPG. Little is known regarding locomotor centers in cockroaches, but it has been established that they contain bursting interneurons and that neighboring thoracic ganglia have ipsilateral inhibitority coupling, and it is thought that contralateral inhibitory coupling also exists. [37] [38] [39] [40] Based on this work, and using generic ion-channel ͑Hodgkin-Huxley͒ singlecompartment ordinary differential equation ͑ODE͒ models, 
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where 1 = 2 = 3 ϵ L and 4 = 5 = 6 ϵ R . The ͑necessar-ily periodic͒ coupling function G͑ · ͒ is found to qualitatively resemble sin , and ␣ Ͼ 0 for inhibitory synapses, so that = is a stable fixed point ͑see Ref. 20 , Fig. 8͒ . Thus the model CPG acts as a clock that sets the stepping frequency by emitting two equispaced bursts of spikes per cycle to activate the left and right tripods. The Appendix ͑Sec. 3͒ contains a brief description of the bursting neuron models used for both the CPG and motoneurons.
D. The neuromechanical model
We can now assemble the full feedforward model, employing the CPG and motoneuronal spike trains as triggers for muscle activation. This is, however, not a straightforward task. The geometry of Fig. 2͑b͒ substantially simplifies the four leg segments and the many fast and slow muscle complexes present in the animal, but the excitation impulse sequences derived to fit foot forces in Ref. 22 are still quite varied ͓cf. Figs. 3͑a͒ and 3͑b͔͒. In reality the animal must coordinate substantially more than the two pairs of fast extensors and flexors per leg of the model, and it is therefore probable that multiple interneurons in its CPG can produce fine timing information to excite individual muscles and joints appropriately throughout the stepping cycle. Our CPG model does not allow this, since its six units produce only two stereotypical bursts per full L-R cycle ͓cf. Eq. ͑8͔͒.
We were nonetheless able to tune the components of the circuit of Fig. 4 to approximate the impulse sequences of Ref. 22 . In doing this we appealed to the parameter dependence and bifurcation analyses of Ref. 41 to adjust CPG burst durations and individual motoneuron spike timings. By carefully modulating conductances, cell membrane capacitances, bias currents, and time scales, we selected a pair of antiphase CPG bursts and shaped the resulting motoneuron spikes to produce stable straight running with appropriate foot forces ͑data not shown͒. For all the simulations of Secs. III and IV, the CPG bursting frequency ͑and hence the stepping frequency͒ was set at 9.93 Hz, producing an average forward speed of 0.24 m s −1 in unperturbed running. This lies in the preferred speed range of B. discoidalis and the within-cycle speed variations of Ϯ0.03 m s −1 are also realistic.
The Appendix provides general descriptions of the mechanical and neuromuscular components of the model. Listings of all parameter values, along with the MATLAB code used to simulate the equations of motion and a description of the code structure, are available for download from the EPAPS depository.
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III. TOWARD MODELS OF SENSORY PATHWAYS AND STEERING
Insects possess an array of proprioceptive sensors that collect information on position, velocity, and force in limb segments. This is relayed both phasically by precisely timed single spikes and tonically via spike rates. Here we describe a simple model for tonic feedback of leg forces, expressed in terms of joint torques, and we review earlier work that employs transient destabilization via preplanned foot TD placements to achieve turns. These will be used in our study of responses to impulsive perturbations in Sec. IV.
A. Proprioceptive feedback of joint torques
Forces in insect legs are sensed by organs called campaniform sensilla that detect strain in the exoskeleton. These sensors contain neurons that fire at rates approximately proportional to force magnitude, producing tonic feedback to motoneurons. Their locations, asymmetry, and varied orientations render them sensitive to force direction, [43] [44] [45] and they can respond to and compensate for changing load conditions in both static and dynamic contexts. Proximal and distal campaniform sensilla independently detect bending of leg segments in opposing directions; thus, in principle, both positive and negative joint torques can be sensed.
To investigate the feedback mechanism, it suffices at first to consider a single joint in each leg. We represent the feedback pathways associated with each knee joint via two repetitively spiking neurons having spike rates proportional to the positive and negative torques in that joint. ͓Here positive torque means that extensor force exceeds flexor force, thus tending to extend the leg, and vice versa, see Fig. 2͑b͒ .͔ The sensory neurons are active only while the leg is in stance and transmitting force to the body. These neuronal spike trains are then relayed via excitatory and inhibitory synapses to the extensor and flexor motoneurons activating the muscles of the joint in question, with the effect that increased resistance to stance leg extension is compensated for by increased torque generation and vice versa. Figure 5͑a͒ shows the feedback circuit for one joint and typical outputs of sensory neurons and motoneurons are shown in Fig. 5͑b͒ . Here the feedback strength, determined by synaptic conductances between sensors and motoneurons, is chosen so that the effects are clear: the extensor motoneuron emits three spikes rather than two during most of the corresponding stance phases, and its output is quite variable from stance to stance, both with regard to spike numbers and timing. Similar variability is seen in freely running insects 34 ͓see bottom row of Fig. 3͑a͒ above͔ and in Ref. 22 it is shown that adding single spikes to all joints at random, and substantial variability in spike timing, does not significantly disrupt straight running.
With feedback 3 times weaker the results are generally similar, but with feedback 7.5 times weaker no spikes are added, and spike timing is delayed by only 1-2 ms compared with the feedforward case ͑results not shown͒. Figure 10 below shows results with both weak and strong feedback. The basic sensory neuron model is described in the Appendix ͑Sec. 3͒, and further details on sensor models, synaptic strengths, and other feedback pathways will appear in a forthcoming article. 46 In Ref. 44 it is noted that the modifications to motoneuron firing due to inhibitory feedback ͑i.e., distal sensors to tibial extensors and proximal sensors to tibial flexors͒ appeared to be more variable and weaker and even absent in some preparations. Consequently, when feedback is incorporated in Sec. IV B below, we test its effects with both path-ways active and with the inhibitory pathway disabled, as well as examining different overall feedback strengths.
B. Simple steering strategies for LLS and the hexaped
Here we describe a turning strategy introduced in Ref. 25 and examined in more detail in Ref. 26 . It is based on experiments of Jindrich and Full, 11 who allowed cockroaches ͑B. discoidalis͒ to run from an enclosure toward a wall, which they could avoid by turning. Successful turns occurred over multiple steps and exhibited CoM dynamics much like those of straight running but at speeds somewhat below the animal's preferred range of 0.25-0.3 m s −1 . Body orientation changes ranged from 22°in four steps to 73°in five. Significant extension of the outside front leg and increased force production in the outside middle leg occurred during the turn, apparently producing most of the requisite momentum changes.
To mimic these observations in the LLS, which replaces the stance support tripod by a single effective leg, we employ transient adjustments in the position d of the hip pivot P ͓center of pressure ͑CoP͔͒ and the leg spring stiffness k ͑Fig. 1͒. Changes in CoP alter the moment arm of the leg force, affecting CoM torque, and hence angular momentum and the net change in body orientation during a stride; spring stiffness affects forces and hence linear momentum. To turn right P is moved forward of the CoM at L TD, producing a negative turning moment ͑and destabilizing the gait͒, and the L ͑outside͒ leg is stiffened; the modified values d t Ͼ 0 and k t Ͼ k are retained throughout L stance. At right TD we set d t = 0, decoupling the rotation dynamics, while k t returns to its normal value k. This is repeated for further L-R steps, as necessary. To turn left, the roles of the L and R stances are interchanged.
The first stance phase of each pair boosts body angular velocity into the turn ͑away from the stance foot͒ at the expense of CoM speed; the second keeps constant. To conclude the turn, d t and k t revert to their nominal values and the inherent LLS stability properties reduce rotational energy to restore straight running. Figure 6͑a͒ , and TD angle ␤ = / 4 rad. 7, 8, 25 Here the turning parameters were d t = 0.0006 m and k t = 0.6 N m −1 , and CoP shifts of less than 3 mm and stiffness increases of Ϸ50% can in general produce turns up to 1.5 rad. 26 Since the body length of B. discoidalis is 2-3 cm, this supports the hypothesis that turning is a minor modification of straight running. Similar steering strategies have been used in models of wall following 47 controlled by exteroceptive feedback from antennae. 48, 49 A related turning strategy, involving front, middle, and hind leg TD foot placements that are directly comparable to the experiments of Ref. 11, is used for the hexapedal model. 
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Placing the right front and hind feet further forward and the middle left foot further backward at R TD produces an additional positive ͑counterclockwise͒ moment about the CoM throughout the stance period, much as for the LLS model. This causes a leftward drift in body heading at the end of the R tripod stance, initiating a left turn. Changes in leg forces similar to the LLS model are not required; redirection of forces to change their moment arms suffices to modify the angular momentum. During the subsequent L tripod stance, nominal TD positions are retained so that no extra turn is produced. These transient TD changes are again repeated as necessary to make large left turns, and right turns are initiated by analogous adjustments at L TD. Figure 6͑b͒ shows successive body positions during a left turn over four full ͑R-L͒ strides with parameter values characteristic of B. discoidalis. 22 Modified TD foot positions were achieved by the following joint angle changes at TD: front and hind hips, Ϫ0.05 rad; middle hip, +0.05 rad; front and hind knees, +0.6 rad; middle knee, Ϫ0.6 rad. The changes at hips are small ͑13%-28% of nominal TD angles͒, but those at the knees range from 47% to 94%. Such relatively large changes are probably necessary at this speed ͑0.26 m s −1 ͒ since the "weak" eigenvalue is Ϸ0.7 ͓cf. Fig. 3͑c͔͒ and this mode must be destabilized to produce the turn.
As for the LLS model, preflexive stability ensures recovery to straight running, here with succeeding small, slow transient deviations to the right and left ͑latter not shown͒, producing a final change in heading of 26.3°. At this speed the modified foot TD strategy changes body heading by approximately 6°per full stride, which compares well with the observed changes ranging from 22°in four steps to 73°in five. 11 In Sec. IV we use it to provide corrective steering following perturbations.
IV. PERTURBATION RESPONSES WITH AND WITHOUT FEEDBACK
In Ref. 5 Jindrich and Full studied the response of running cockroaches to a sudden impulse, delivered by the recoil due to a "cannon" attached to the animal's back. They observed that recovery from perturbations in lateral velocity up to ten times larger than those encountered in normal running began within Ϸ15 ms, a latency too short to allow both reflexive feedback and modification of muscle forces. In Ref. 21 we showed that the spring-actuated hexapod, running in feedforward mode, could also recover from such impulsive perturbations on a similar time scale. As noted in Sec. II A, these results provided further support for the preflexive stability hypothesis.
Here we investigate the effects of impulsive perturbations on the CPG-driven and muscle-actuated hexapedal model, at first running in feedforward mode, and then, in Sec. IV B, when equipped with joint torque feedback as described in Sec. II A. Figure 7 shows the perturbation device used in the experiment of Ref. 5, the resulting force profile, and the simplified triangular impulse used in the simulations that follow. Figure 8͑a͒ shows the lateral velocity of a cockroach subject to the impulse of Fig. 7͑b͒ , also delivered laterally, in comparison with the lateral velocity variations characteristic of unperturbed straight running.
A. The feedforward model, with and without steering
We start by displaying a visualization of body positions in the inertial ͑ground͒ plane for the purely feedforward model, subject to the impulsive force of Fig. 7͑c͒ applied shortly after TD during a left tripod stance, Fig. 9͑a͒ . The dynamics of the response are similar to those of a cockroach running at preferred speed, as shown by the lateral velocity trace of Fig. 8͑b͒ , placed below its experimental analog. The magnitudes of the perturbed velocities are very similar, although the rise time is faster for the model and its decay rate is slower. ͑This trace also closely matches that for the springactuated mechanical model shown in Ref. 21 , Fig. 14 .͒ The resulting CoM path and body orientations are also similar to those of the mechanical model ͑Ref. 21, Fig. 14͒ , showing rapid preflexive recovery to straight running but with a substantial change in heading ͑average body angle relative to inertial space͒. Such heading changes can depend sensitively on running speed and on the stance phase ͑time͒ at which the impulse is applied. Indeed, unlike the large net change seen in Fig. 9͑a͒ they are sometimes insignificant, as is the case for the mechanical model shown in Ref. 21 , Fig. 14 ͑center panel͒. But in spite of the fact that the angular momentum change due to the impulse can cause a sharp turn ͓note body positions immediately preceding and following impulse, snapshots 2 and 3 of Fig. 9͑a͔͒, Fig. 9͑b͒ shows that the feedforward strategy of Sec. III B can provide corrective steering. Here the relatively slow turning procedure ͑Ϸ6°per full stride, cf. Sec. II B͒ was applied for 12 full L-R steps, although it still does not completely restore the original course.
B. The model with proprioceptive force feedback
In this section we show simulations of the hexapedal model, again subject to an impulsive lateral perturbation but now with joint torque feedback to motoneurons as described in Sec. III A. We start by comparing CoM paths without and with feedback in Fig. 10͑a͒ 10 . ͑Color online͒ ͑a͒ Effect of lateral impulsive perturbation in the negative x direction applied in L stance during straight running, shown via CoM trajectories over 18 stance phases, for feedforward model ͑dot-dashed, red online͒ and for models with weak ͑dashed, blue online͒ and strong ͑solid, black online͒ torque feedback as in Fig. 5͑a͒ , all without corrective steering. ͑b͒ Magnitude of hind foot forces over six stance phases with impulse in second L stance ͑black arrow͒; successive 50 ms stance phases show L and R foot forces, sharp spikes denote TD/LO events. Top row compares forces with strong feedback ͑solid, black online͒ and without feedback ͑dot-dashed, red online͒; bottom row compares forces with weak feedback ͑dashed, blue online͒ and without feedback ͑dot-dashed, red online͒. See text for discussion.
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Neuromechanical models for locomotion Chaos 19, 026107 ͑2009͒ addition of feedback results in modest reductions in the final heading change caused by the impulse, and, for the stronger feedback, a reduced leftward excursion. We also examined an intermediate feedback strength ͑2.5 times greater than for the dashed curve; not shown here͒, finding consistent results, and, recalling the discussion in Sec. III A, we confirmed that similar behavior occurs when the inhibitory pathways of Fig.  5͑a͒ are disabled. To begin to appreciate the subtle influence of reflexive feedback, in Fig. 10͑b͒ we show the magnitudes of hind foot forces for three L and R stance phases surrounding the perturbed stance, again both without and with feedback. In the former case, increases in force following the impulse are clear ͑dot-dashed curves͒, but it is interesting that strong feedback reduces overall force levels in the perturbed L and following R stances, and that a substantial force increase occurs only in the next L stance ͑solid curve in top panel͒. Reduced force levels compared to the feedforward system are also evident in the "normal" stride before the impulse. For the weakest feedback level, leg forces in normal strides are barely affected by feedback and the changes following the impulse are much smaller and only apparent in the L stances ͑dashed curve in bottom panel͒. Intermediate feedback produces a force pattern fairly close to the strong feedback case shown here.
In Fig. 11͑a͒ we further investigate the feedback mechanism, showing sensory and motoneuron spike trains for the left hind knee over the same stance phases as those of Fig. 10͑b͒ . Increasing spike rates in the positive-torquesensing pathway ͑s+͒ due to the impulse ͓dot-dashed trace in middle panel of Fig. 11͑a͔͒ introduce a third excitatory motoneuron spike in the perturbed stride and progressively advance spikes in this and the following stride, causing substantial increases in neural activation of extensor muscles in the L stance phases following the perturbation ͓compare dotdashed curves in top and bottom panels of Fig. 11͑b͔͒ . These spike advances are consistent with the form of the phase response curve for bursting motoneurons, which exhibits a positive excursion late in the refractory period ͑Ref. 20, Fig.  7͒ that allows it to respond to the input from s+. Increased neural activation for extensors implies increased foot forces in response to the perturbation, and hence a smaller excursion of the CoM immediately following the impulse ͓Fig. 10͑a͔͒.
The middle panel of Fig. 11͑a͒ should be compared with the sensory spike trains for unperturbed straight running in Fig. 5͑b͒ , in which s+ and s−, respectively, emit 4-5 and 3-4 spikes per stance; increased torque following the impulse changes these numbers to 11 and 2 and then 11 and 0, respectively. Comparing the top and bottom panels of Fig.  11͑a͒ , the shifts in spike numbers and timing resulting from these modified sensory spike rates are likewise clearly visible.
Even for relatively weak feedback the increased s+ sensor activity can cause the addition of a third spike in the extensor motoneuron burst near the end of the perturbed stance ͑not shown here͒, but although fast insect sensory pathways can deliver signals to motoneurons within Ϸ10 ms, 50 in the present model the bursting rhythm and its receptivity to inputs imply that motoneuronal spike adjustments can only occur if the modified sensory spikes arrive late in the motoneuron's refractory period. This evidently delays the major effects of reflexive feedback to the stride following that in which the impulse is delivered. Together with the simulations of Ref. 21 the present work therefore provides further support for the preflexive stabilization hypothesis while also showing that proprioceptive feedback can further stabilize the system's longer term response to perturbations.
V. CONCLUSION AND DISCUSSION
In common with their fellow scientists, biomechanicians and neurobiologists have produced numerous detailed models of specific phenomena and mechanisms, from the molecular to the organismal level. Models that integrate across mechanisms and scales are, however, far less common. Building on earlier work in which separate components were studied in some depth and compared with experimental data, here we have constructed such a model. It unites the neural, muscular, and mechanical components of legged locomotion and includes a rudimentary reflexive feedback pathway in addition to the feedforward neural circuitry that generates the basic locomotive pattern. We believe that this may be the 11 . ͑Color online͒ ͑a͒ Motoneuronal outputs for left hind knee with torque feedback over three L-R strides in straight running ͑top͒ and with impulsive perturbation applied at beginning of second stride ͑bottom͒, along with sensory neuron spike trains with perturbation ͑middle͒. Extensor and sensor s+ are shown as dot-dashed ͑red online͒ and flexor and sensor s− as solid ͑black online͒. Note increased s+ spike rate following perturbation ͑arrow͒ and shifted extensor spikes in perturbed stride. ͑b͒ Muscle activation functions a͑t͒ ͓cf. Eq. ͑7͔͒ for left hind knee extensor ͑dot-dashed, red online͒ and flexor ͑solid, black online͒ during unperturbed straight running ͑top͒ and with impulsive perturbation ͑bottom, black arrow͒. Strong feedback is present in both panels ͑a͒ and ͑b͒.
026107-10
Kukillaya, Proctor, and Holmes Chaos 19, 026107 ͑2009͒ first neuromechanical locomotion model that is tractable to mathematical analysis, as well as relatively easy to verify and simulate numerically. Like any model, ours neglects much more than it includes. We make no excuses for this; indeed, we believe that creative neglect of detail and complexity can be invaluable in uncovering basic principles. 24 For example, we consider only flat, featureless terrain and assume that foot contacts occur at moment-free points that remain fixed during each stance phase ͑Secs. II A and II B͒. As noted in Ref. 51 in the context of legged robots, foot slippage is typical during acceleration, braking, and rapid turning, and friction models must be incorporated to deal with this. Our CPG also produces only stereotypical double-tripod gaits ͑Sec. II C͒, so we are unable to reproduce richer gaits used in negotiating broken terrain ͑e.g., the metachronal gaits used at low speeds͒. More crucially, our brainless model has no exteroception, no sense of direction, and no intentions.
Using this model we have investigated what appears to be a rather general stability-maneuverability trade-off in rapid locomotion. As for the muscle-actuated model of Ref.
22 the feedforward CPG-driven system is marginally ͑par-tially asymptotically͒ stable, with a weakly stable mode and a neutral mode, making it act as a low pass filter that yields fairly easily correctable and steerable dynamics. In Refs. 21 and 22 we also showed that random TD foot placements, and randomized TD and muscle activation timing in a clockdriven model, all produce slowly weaving paths with net turns of 1°or 2°per full L-R stride. These model results suggest that asymptotic stability of straight running may not be necessary for robust locomotion. Like the phugoid mode in classical airplane pitch dynamics, weak instability in body orientation ͑heading͒ is easily corrected by a relatively slow ͑stride-to-stride͒ control strategy.
The fact that muscular activation in the present model derives from a CPG and motoneurons has allowed us to incorporate a simple reflexive pathway that models proprioceptive force sensing in insect legs ͑Secs. III A and IV B͒. We show that the resulting feedback of joint torque to extensor and flexor motoneurons can produce changes in muscle actuation and corresponding changes in foot forces that can mildly moderate the effects of strong impulsive perturbations. We have only examined a prototypical reflexive circuit involving one set of joints and the associated motoneurons ͑those actuating the model's knees͒; we expect reflexive effects to increase when all joints are included. However, synaptic, muscle actuation, and dynamical delays in the feedback pathway make reflexive correction within a single stance phase problematic, and as in the rapid impulse experiments of Ref. 5 and the simulations of Ref. 21 , we conclude that the initial response to rapid perturbations is dominated by the insect's preflexively stabilized feedforward dynamics.
We have presented a highly simplified model of one type of proprioceptive feedback and conducted only a preliminary study, so we cannot draw any strong conclusions regarding the interplay between reflexive and preflexive feedback. It is, however, worth noting that while the relatively slow reflexive pathway did not substantially enhance the model's response to impulsive shocks ͓Fig. 10͑a͔͒, it did not destabilize or impede its recovery. A priori, this was by no means obvious to us. Indeed, in addition to the stability-maneuverability trade-off, a feedback-maneuverability tradeoff may also operate in the insect, in which slow reflexive pathways are progressively shut down as speeds increase or overwhelmed by fast motoneuronal discharges. 52 Our model will allow us to probe such effects.
Due to our restriction to horizontal plane dynamics and neglect of leg mass, the present model has only three mechanical degrees of freedom, like the simple LLS models of Refs. 16 and 17. Nonetheless, as noted above and in the Appendix, the CPG, motoneurons, and muscles add so much complexity that the final system contains around 300 ODEs. However, in Ref. 20 ͑cf. Ref. 24͒, it was shown that phase response curves and averaging could reduce the six-unit CPG circuit to a single phase difference equation, as sketched in Sec. II C. We are currently studying the use of phase reduction for both tonic and phasic sensory feedback, 46 and we anticipate that the sensory and motoneuronal dynamics implicit in the circuit of Fig. 5͑a͒ will admit a similar, substantial simplification. Thus, we believe that the model developed here will not only permit exploratory simulations but will ultimately lead to better understanding of interactions between preflexive and reflexive pathways in locomotive control.
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APPENDIX: SOME COMPONENTS OF THE MODEL
Here we provide details on the components of the hexapedal model described in this paper, including mechanical and kinematic aspects of limb and body geometry, muscle force generation and joint actuation, and reduced ion-channel descriptions of bursting and spiking neurons used in the CPG, motoneurons, and sensory feedback circuits. It is not feasible, or particularly illuminating, to list values for the many parameters involved in these models in this paper. In particular, motoneuron and muscle parameters are fitted separately for the extensors and flexors actuating each joint in each leg, and thus far this has only been done to achieve realistic gaits at the insect's preferred speed. Parameter values, along with the MATLAB code used to simulate the complete model, are available for download from the EPAPS depository. 
Parameters and kinematics for hexapedal geometry
Here we describe how the joint torques in the hexapedal model of Fig. 2͑b͒ are related to the CoM and foot positions and to the body angle in inertial space. Table I lists the ki-
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Neuromechanical models for locomotion Chaos 19, 026107 ͑2009͒ nematic parameters and state variables that characterize the model. Using it and referring to Fig. 2͑c͒ , we see that the foot to hip vector q i for each leg is given by
where R denotes the planar rotation matrix. Knee and hip joint angles ␥ in and ␥ ih and the included angles is and it of the knee-hip-foot triangles follow from the trigonometric relations
and
where n = 0 and n = 1 denote L and R stances, as in the LLS model. Force and moment balance across the thigh and shank segments leads to the following two equations: where ␤ = ␥ in − ␥ ih − ͑−1͒ n . Thus, given the fixed foot positions and the joint torques in ͑t͒ and ih ͑t͒ in each stride, Eqs. ͑A1͒-͑A7͒ relate the inertial frame body coordinates ͑x͑t͒ , y͑t͒ , ͑t͒͒ and the foot forces F i so that the equations of motion ͑5͒ and ͑6͒ form a closed system.
Muscle and muscle activation models
The terms in Eq. ͑7͒ are computed as follows. Activation a͑t͒ is modeled by two linear second-order ODEs and a nonlinear algebraic function:
where u͑t͒ ͓0,1͔ represents the train of normalized motoneuronal action potentials ͑spikes or APs͒ and a j and are constants. where l 0 is the muscle length at which maximum isometric force F 0 is produced by tetanic ͑continuous͒ spike actuation and p j are constant parameters describing length dependence. The muscle contraction velocity v m =−l m is defined to be positive during shortening, and v max is the velocity at which the muscle force drops to zero. Following Ref. 31 velocity dependence is modeled as where f represents the maximal force produced during rapid isotonic ͑fixed activation͒ lengthening and b = b / v max quantifies the steepness of the curve F V . Parameters are fitted as described in Sec. II B and Ref. 22 . Each joint is actuated by an agonist-antagonist pair of muscles ͓extensor and flexor, cf. Fig. 2͑b͔͒ pulling on apodemes ͑insect tendons͒ with an effective moment arm l arm , 
͒, ͑A30͒
where g syn is the synaptic conductance and E syn post the reversal potential for the synapse. The negative sign is conventional, to match other ionic currents. 
